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$\{u_{tj}X(\mathcal{M}), 0\leq t\leq 1\}$ 1 $\vec{a}\in \mathcal{M}$ $t$ gta\rightarrow
$g_{t}$ :
$g_{t} \vec{a}=\tilde{a}+\int_{0}^{t}u_{s}(g_{s}\vec{a})\mathrm{d}s$. (1)





2 (2 ) $\text{ }$ 3 (2
) 3
2 $\xi\in X$(M) (Fig 1(a) ) $\tilde{a}$
$\xi$ $\delta$ b\rightarrow :
$\vec{b}$
$=$ $\vec{a}$ I $5\xi(\vec{a})+O(6^{2})$ $=e^{\delta\xi}\vec{a}+$ o(62). (3)
$g_{t}^{[L]}$ 2 $g_{t}$ 4 :
$(g_{t}^{[L]} \xi)(g_{t}\vec{a}):=\lim_{\deltaarrow 0}\frac{g_{t}\overline{b}-g_{t}\tilde{a}}{\delta}=1\mathrm{i}\deltaarrow\psi^{\frac{(g_{t}e^{\delta\xi-1\prec}g_{1})g_{t}a-g_{t}\overline{a}}{\delta}}$ . (4)
1 J Euler . Lagrange $u(g\iota aarrow)$ J
.
2 a\rightarrow .





Figure 1: :(a)2 ;(b)3
2 $g_{t}^{[L]}\xi\in X$(M) :
$g_{\mathrm{t}}^{[L]} \xi=\frac{\mathrm{d}}{\mathrm{d}\delta}g$te6$\xi$g$t-1$ $|_{\delta=0}$ (5)
$g_{t}^{[L]}\xi$ Lie $G$ $\mathrm{A}\mathrm{d}_{gt}\xi$ 5 $g_{t}^{[L]}\xi=:\xi_{t}^{i}\partial$i
6:




$X$(M) Lie $L$ : $(\partial_{t}+L_{u})\xi_{t}=0$.
3 (Fig.l(b) ) $\xi,$ $\eta\in X$ (M) $a,$$b\prec$-, $\vec{c}$
:




$(g_{t}^{[\mathrm{S}]} \tilde{S})(g_{t}\vec{a})=\lim_{\deltaarrow 0}\frac{(g_{t}\vec{b}-g_{t}\vec{a})\mathrm{x}(g_{t}\vec{c}-g_{t}\vec{a})}{\delta^{2}}$ . (8)
$g_{t}^{[\mathrm{S}]}$
$g_{t}\mathit{0}$) $g_{t}^{[S]}$ $X(\mathcal{M})\wedge X(\mathcal{M})\subset$
$T\mathcal{M}\otimes T\mathcal{M}$ Navier-Stokes (NSE)
$4\vee$. $\mathrm{A}^{\cdot}$ \emptyset $X$(M) .
$\epsilon$
$g_{t}\mathit{0}$) $\mathrm{J}\kappa \mathrm{o}\mathrm{b}\mathrm{i}\mathrm{a}\mathrm{n}$ Cauchy :
$\xi_{t}^{i}(g_{t}\overline{a})=\frac{\partial(g_{t}\overline{a})^{\dot{l}}}{\partial a^{j}}\xi_{0}^{\mathrm{j}}(\vec{a})$ .
$\xi_{0}\in X(\mathrm{A}1)$ $\mathit{9}t$ .
6 $:\partial_{i}$ $:= \frac{\partial}{\partial x^{\dot{\iota}}}$ . :
$\frac{\partial\xi_{t}}{\partial t}$ $=$ $\frac{\mathrm{d}^{2}}{\mathrm{d}\delta \mathrm{d}\epsilon}g_{t+\epsilon}e^{\delta\xi}g_{t+\epsilon}^{-11_{(\delta.\epsilon)=(0,0)}}$ $=$
$\frac{\mathrm{d}^{2}}{\mathrm{d}\delta \mathrm{d}\epsilon}e^{\epsilon u}{}^{t}g_{l}e^{\delta\xi}g_{t}^{-1}\mathrm{e}\mathrm{e}$“|(\mbox{\boldmath $\delta$},\epsilon
$\rangle$ =(0,0
$=$ $\frac{\mathrm{d}^{2}}{\mathrm{d}\delta \mathrm{d}\epsilon}e^{\epsilon u_{t}}e^{\delta\epsilon t}e^{-\epsilon \mathrm{u}\iota}|_{(\delta,\epsilon)=(0,0)}$ $=$ $\frac{\mathrm{d}^{2}}{\mathrm{d}\delta \mathrm{d}\epsilon}\mathrm{e}^{\epsilon u\mathrm{r}+\delta\xi_{\mathrm{t}}+\epsilon\delta[u\mathrm{c},\epsilon t1+}\ldots|_{(\delta,\epsilon)=(0,\mathrm{O})}=[u\mathrm{r}, \xi_{t}]$ .
2 Hausdorff $e\mathrm{x}\mathrm{p}(\epsilon a)\exp(\mathit{5}b)=\exp(\epsilon a+\delta b+(\epsilon\delta/2)[a, b]+\cdots)$ 41 . \mbox{\boldmath $\tau$}










$i^{\frac{\partial u_{t}^{j}}{\partial x^{j}}}$ . (10)















$\phi_{\vec{k}}$ , $\sigma_{k}$ $( \vec{X}):=\frac{e_{\theta}(\vec{k})+\sigma_{k}e_{\phi}(\vec{k})}{\sqrt{2}}\exp(\frac{2\pi\vec{k}\cdot\tilde{x}}{L})$ , (13)




, $\sigma_{k}\rangle$ $:=\phi_{\overline{k}}$, $\sigma_{k}(\tilde{x})$ , $\langle iarrow, \sigma_{k}|*\rangle$ $:= \int\overline{\phi_{\vec{k},\sigma_{k}}(x)\prec}*\mathrm{d}^{3}\vec{x}$ (14)
$g_{t}$ $\xi_{t}:=\mathrm{A}\mathrm{d}_{gt}\xi$ $t$
:
$\frac{\partial\xi_{t}}{\partial t}=\nabla \mathrm{x}$ $(u_{t}\mathrm{x}\xi_{t})$ . (15)
$\xi_{t}:=\mathrm{A}\mathrm{d}_{g\iota}^{\uparrow}\xi=(\nabla \mathrm{x})^{-1}\mathrm{A}\mathrm{d}_{g_{l}}\nabla \mathrm{x}\xi$ :
$\frac{\partial\xi_{t}}{\partial t}=(u_{t}\cross(\nabla \mathrm{x}\xi_{t}))_{S}$ , (16)
$($ $)s$ ;
$(a)_{S}:= \sum_{\vec{k},\sigma_{h}}|\vec{.k}$
, $\sigma_{k}$X$\vec{k}$ , $\sigma_{k}|$a $\rangle$ . (17)
7 $s_{\dot{l}}=\epsilon^{\dot{\iota}jk}$ \epsilon j $\eta^{k}$ $\partial\iota S_{i}=\epsilon^{ijk}\partial\iota\xi^{j}\eta^{k}+\epsilon^{ijk}\xi^{j}\wedge\eta^{k}$ $\partial_{t}\xi^{j},$ $\mathrm{a}$ \eta k Eq.(6) . Lie
deri tion




: $\{\mathrm{A}\mathrm{d}_{\mathit{9}t}\phi_{\vec{k^{\sim}},\sigma_{k}}j\vec{k}\in \mathbb{Z}^{3}\backslash \{\dot{0}\}, \sigma_{k}\in\{1, -1\}\}$ ; (18)





$\langle$ji $\sigma_{p}|$gt $|\vec{k}$ , $\sigma_{k}\rangle$ $\phi$7$\sigma_{p}(\vec{x})$ ,
$\mathrm{A}\mathrm{d}_{g\iota}^{\dagger}\phi_{\overline{k}}$
, $\sigma_{k}=\sum_{\tilde{p},\sigma_{p}}$
$\langle$ji $\sigma_{p}|$ gf $|$ k, $\sigma_{k}$ ) $\phi_{\vec{p},\sigma_{\mathrm{p}}}(\vec{x})$ . (20)
:
$\langle\vec{p},$ $\sigma_{p}|$ g$t|\vec{k}$ , $\sigma_{k}$ ) $= \int\overline{\phi_{\vec{p},\sigma_{\mathrm{p}}}(\vec{x})}\cdot \mathrm{A}\mathrm{d}_{g\}\phi_{\vec{k},\sigma_{k}}\mathrm{d}^{3}\vec{x}$, $\langle$ $\vec{p},$ $\sigma_{p}|$gj $|k\prec$ , $\sigma_{k}$ ) $= \int\overline{\phi_{\vec{p},\sigma_{p}}(\vec{x})}\cdot \mathrm{A}\mathrm{d}_{gt}^{\dagger}\phi_{\vec{k},\sigma_{k}}\mathrm{d}^{3}\vec{x}$. $(21)$
;
:
$|$j$\neg>|\vec{k}|\Rightarrow|\langle$$p$i $\sigma_{\mathrm{p}}|g_{1}|k,$ $\sigma_{k}\rangle$$|\prec>|\langle\vec{p}, \sigma_{p}|g_{t}^{\dagger}|^{\prec}k, \sigma_{k}\rangle|$. $(22)$
: curl :
$\langle p^{\prec}, \sigma_{p}|g_{t}^{\uparrow}|\vec{k}, \sigma_{k}\rangle$ $=$ $\int_{\vec{x}\in D}\phi_{\vec{p},\sigma_{\mathrm{p}}}^{*}(\vec{x})$ . $(\nabla \mathrm{x})^{-1}\mathrm{A}\mathrm{d}_{g_{l}}\nabla \mathrm{x}\phi_{\vec{k},\sigma_{k}}(\vec{x})$ dj
$=$ $\int_{\mathit{8}\in D}(\nabla \mathrm{x})^{-1}\phi_{\sigma_{p}}\frac{*}{p},(\overline{x})\cdot \mathrm{A}\mathrm{d}_{\mathit{9}t}\nabla\cross\phi_{\overline{k},\sigma_{k}}(\vec{x})\mathrm{d}\vec{x}$
$=$ $- \frac{\sigma_{k}|\vec{k}|}{\sigma_{p}1p\neg}\int_{\vec{x}\in D}\phi_{\overline{p},\sigma_{\mathrm{p}}}^{*}(\vec{x})\cdot \mathrm{A}\mathrm{d}_{\mathit{9}\mathrm{t}}\phi_{\overline{k},\sigma_{k}}(\vec{x})$
$\mathrm{d}\vec{x}$

















(j, $\sigma_{k}$ ) $( \sum_{\tilde{p},\sigma_{p}}\phi_{\vec{p},\sigma_{p}}\langle\vec{p},$ $\sigma_{\mathrm{p}}|$ gJ $|\vec{k}$, $\sigma_{k}$ ) $)$
$=$
$\sum_{\tilde{p},\sigma_{p}}\sum_{\neg,k,\sigma_{k}}|$
j$]^{2}$ $\langle$j4 $\sigma_{p}|g_{t}^{\dagger}|\vec{k},\sigma_{k}\rangle$ $\underline{u_{t}}(\vec{k}, \sigma_{k})\phi_{\vec{p},\sigma_{\mathrm{p}}}$ . (25)
:
$\langle \mathrm{A}\mathrm{d}_{ge}\phi_{\vec{q},\sigma_{q}}|\nabla \mathrm{x}(\nabla\cross u_{t})\rangle$
$=$ $\langle \mathrm{A}\mathrm{d}_{ge}\phi_{\vec{q},\sigma_{q}}|\sum\sum_{\neg}|$s2 $\langle$ $\vec{p},$ $\sigma_{\mathrm{p}}|$ gt $|\vec{k}$, $\sigma$k)u$t$ (k, $\sigma_{k}$ ) $\phi_{\tilde{\mathrm{p}}}$,’$p$ )
$\check{\mathrm{p}},\sigma_{pk,\sigma_{k}}$
$=$ $\sum\sum|$j$\neg^{2}\langle p$i $\sigma_{\mathrm{p}}|$ gJ $|\vec{k},$ $\sigma_{k}\rangle$ $\underline{u_{t}}(\vec{k},\sigma_{k})\langle \mathrm{A}\mathrm{d}_{g\iota}\phi_{\tilde{q},\sigma_{\mathrm{q}}}|\phi_{\vec{p},\sigma_{p}}\rangle$
$\tilde{p},\sigma_{p\tilde{k},\sigma_{k}}$
$=$ $\sum\sum|$1$\neg^{2}\langle p$i $\sigma_{p}|$gt $|\vec{k}$, $\sigma_{k}\rangle$ $\underline{u_{l}}(\vec{k}, \sigma_{k})\langle\phi_{\vec{q},\sigma_{q}}|\mathrm{A}\mathrm{d}_{g_{\mathrm{t}}^{-1}}^{\dagger}\phi_{\overline{\mathrm{p}}.\sigma_{\mathrm{p}}}\rangle$
$\vec{p},\sigma_{\mathrm{p}\overline{k},\sigma_{k}}$




$\frac{\mathrm{d}}{\mathrm{d}t}\langle larrow, \sigma_{p}|g_{t}^{1}|k, \sigma_{k}\rangle\prec$ $=$ $\{\phi_{\vec{\mathrm{p}},\sigma_{\mathrm{p}}}(\tilde{x})|\frac{\partial}{\partial t}$ Ad$g\dagger$. $\phi_{\overline{k}}$,” $\}$
$=$ $\{\tilde{p},$ $\sigma_{p}|u_{t}\mathrm{x}(\nabla\cross \mathrm{A}\mathrm{d}_{g\iota k,\sigma_{k}}^{\uparrow\emptyset\neg)}\}$
$=$ $\{p^{\prec},$ $\sigma_{p}|$ ($\sum\underline{u_{t}}$ ($\vec{r},$ $\sigma$r) $\langle_{S}^{\prec}$$,$ $\sigma_{s}|$ gJ $|\tilde{r},$ $\sigma_{r}\rangle$ $\phi_{\overline{s},\sigma_{s}}$ ) $\mathrm{x}(\nabla \mathrm{x}\sum\langle q$i $\sigma_{q}|g_{t}^{\uparrow}|\vec{k},$ $\sigma_{k}$ ) $\phi$i$\sigma_{\mathrm{q}}$ ) $\}$
$=$
$\sum_{\overline{r},\sigma,}\sum_{\vec{q},\sigma_{\mathfrak{g}}}\sigma_{q}|q\neg\langle\vec{p},\sigma_{\mathrm{p}}|\phi_{\vec{s},\sigma_{\delta}}\cross\phi_{\vec{q},\sigma_{\mathrm{q}}}\rangle\underline{u_{t}}(\vec{r}, \sigma_{r})$




$\langle j\sim,$ $\sigma_{p}|$ (e $\epsilon u_{t}$ ) 1 $|\vec{q,}\sigma_{q}\rangle\langle$ q, $\sigma_{q}|$ gJ $|\vec{k}$, $\sigma_{k}$ )




Lagrangian history 4 $4^{\backslash }\text{ }^{i}$.Laplacian
$\frac{\mathrm{d}}{\mathrm{d}t}\langle\vec{p}, \sigma_{p}|g_{t}^{\mathfrak{j}}|\vec{k}, \sigma_{k}\rangle=\sum_{P,\sigma_{r}}\sum_{\check{q},\sigma_{q}}$\sigma q|q\neg \Leftarrow \sigma p|\phi 8 $\mathrm{x}$ \phi ,\sigma q $\rangle$ \mu $(i\sigma_{r})\langle\vec{s}, \sigma_{s}|g_{t}^{\uparrow}|\vec{r}, \sigma_{r}\rangle\langle\vec{q}, \sigma_{q}|g_{t}^{1}|\vec{k}, \sigma_{k}\rangle$. $(29)$
$\nu=0$ :
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